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Abstract 

Mickelsson's invariant is an invariant of certain odd twisted Jf-classes 
of compact oriented three dimensional manifolds. We reformulate the in- 
variant as a natural homomorphism taking values in a quotient of the 
third cohomology, and provide a generalization taking values in a quo- 
tient of the fifth cohomology. These homomorphisms are related to the 
Atiyah-Hirzebruch spectral sequence. We also construct some character- 
istic classes for odd twisted if -theory in a similar vein. 
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1 Introduction 

In a word, twisted if-theory is topological ii'-theory with local coefhcients. 
It was introduced by Donovan and Karoubi [S], and also by Rosenberg P^ . 
Because of its applications to physics, twisted if-theory attracts much interest 
recently. In the context of string theory, twisted if-theory is thought of as 
natural home for Ramond-Ramond charges of D-branes with background in- 
fields. On compact Lie groups, twisted _fC-theory is related to the Verlinde ring 
through representation theory of loop groups [12] . 

Mickelsson's twisted X-theory invariant [T8] is an invariant of certain odd 
twisted i^-classes of compact oriented 3-dimensional manifolds. Though is given 
by integrating differential forms, the invariant detects some torsion elements in 
the odd twisted i^-groups, as opposed to the Chern character, which detects 
all non-torsion elements, but no torsion elements. For example, the twisted 
i^-group of SU{2) with non-trivial 'local coefficients' is a torsion group, and 
twisted fT-classes arising from positive energy representations of the loop group 
of SU{2) are distinguished by Mickelsson's invariant. Notice that the twisted 
i^-(co)homology of a simply connected simple Lie group is always a torsion 
group [51 and its order has an interesting relation with the Verlinde ideal [S] . 

The subjects of this paper are a reformulation and some generalizations of 
Mickelsson's invariant. In order to explain our reformulation of the invariant, 
we introduce Kp{M), h{P) and /ii here: First, Kp{M) denotes the odd twisted 
i^-group of a manifold Af, where P is the datum of a 'local system' twisting 
i^-theory. Concretely, P is a principal bundle over M whose structure group is 
the projective unitary group PU{H) of a separable infinite dimensional Hilbert 
space H. Second, h{P) e H^{M,I,) is a third integral cohomology class asso- 
ciated to P. Actually, this cohomology class, often called the Dixmier-Douady 
class, classifies principal PU {H)-hund\es. Finally, /ii : Kp{M) — > H^{M,'Z) is 
a natural homomorphism. This is one of the simplest twisted if-theory invari- 
ant. For any element x £ Kp(M), the cohomology class fJ.i{x) G H^{M,Z) can 
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be realized as the homomorphism on the fundamental group /ii(a;) : 7ri(Af) — !> Z 
whose value at a loop e : M is £*{x) G K^.piS^) = K\S^) ?s Z. 

Now, our reformulation of Mickelsson's invariant is as follows: 

Theorem 1.1. For any principal PU{H)-bundle P over a manifold M , there 
is a natural homomorphism 

fj,3 : Ker/xi — > H^{M,Z)/{Tot + h{P) U H"{M,Z)), 

where Tor C H'^{M,'Z) is the torsion subgroup, and h(P) U H^{M,Z) is the 
subgroup consisting of the cup products of h{P) and classes in H^{M,'Z). 

In the case that M is compact, connected, oriented and 3-dimensional, the 
orientation induces the isomorphism 7?^(M, Z) = Z, by which we regard h = 
h{P) as an integer. Then the homomorphism 



agrees with Mickelsson's invariant, up to a convention of sign. 

As is mentioned, Mickelsson's invariant is given by integrating differential 
forms: To be concrete, we represent an odd twisted iiT-class on M by a section 
g of the fiber bundle P XAd Ui{H) over M associated to the conjugate action of 
PU {H) on the group Ui (H) consisting of unitary operators on H which differ 
from the identity operator by trace class operators. The choice of a good open 
cover {Ui} of M allows us to express the section g by maps gi : Ui Ui{H), so 
that we get a closed 3- form on each Ui: 



Then original Mickelsson's invariant is defined by integrating these local 3-forms 
and by adding correction terms. The correction terms are also given by integrat- 
ing lower differential forms, which measure the incompatibility of the 3-forms 
on overlaps of Ui. The ambiguity of a choice necessary to a correction term 
leads to the quotient by hZ. 

Now, the idea of our reformulation is simple: The local 3-forms and lower 
differential forms measuring the incompatibility constitute a Cech-de Rham 3- 
cocycle. This 3-cocycle represents a well-defined element in H^{M,M.)/{h{P) U 
iJ°(M, Z)). With some knowledge about characteristic classes for twisted K- 
theory [2] , we finally get the homomorphism /Z3 . An interesting point is that we 
encounter a smooth Deligne cocycle [6] along the way of this construction. 

We should remark that Mickelsson himself might have this idea of reformu- 
lation: a construction based on Quillen's superconnection is carried out on a 
compact Lie group in pi)] . 

It is natural to generalize the construction above by using the odd forms 



fj.3 : Ker/^i 



Z/hZ 
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■tr[(5. 'dg,) 
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which are the puU-back of the integral primitive forms on Ui{H), The 
case of fc = 1 reproduces /ii essentiahy. The case of fc = 3 gives: 

Theorem 1.2. For any principal PU{H)-bundle P over a manifold M , there 
is a natural homomorphism 

fj^ : Ker/i3 — > H^{M,R)/{h{P) U H^{M,R)). 

Notice that fcf takes values in the quotient by h{P) U H'^{M,M.) rather 
than h{P) U i?^(M, Z). Therefore jlf does not detect torsion elements. The 
essential reason is that /i3 is defined through differential forms, as will be seen 
in the proof of the wcll-dcfincdncss of jlf. To improve /if to detect torsions, an 
explicit description of /is in terms of integral cocycle seems to be required. 

One may notice a similarity between maps /ii, ii^ and /if and the surjections 
in the short exact sequence 

_^ F'^''+^Kl{M) F^''-^Kl{M) — > E^^-^'^ 

in computing Kp{M) through the Atiyah-Hirzebruch spectral sequence [5]. Ac- 
tually, /ti agrees with the above surjection with k — 1. For /i3 and /if, we 
can prove factorizations through the surjections, as will be detailed in Section 
[6l This result together with an example of fi^ reproves a computational result 
about twisted iiT-theory of SU{3). 

Aside from the generalization above, we have other generalizations: The idea 
is the same, and this case considers Cech-de Rham cocycles based on 

tY[{g;Ugf]tiigr^dg,], tT[{gr^dgf]tT[{gr^dgf]ti[g-^dg,]. 

Theorem 1.3. For any principal PU{H)-bundle P over a manifold M , there 
are natural maps 

: i^p(Af) — > H^{M,R), : K^^M) — > H^{M,R). 

Generally, a characteristic class (or Chern class) for odd twisted ii'-theory 
means a natural map Kp{M) — )• _ff"(Af, R) defined for any P. Characteristic 
classes for even twisted X-theory are studied in . Applying ideas in |2| , we can 
enumerate all the possibility of characteristic classes for odd twisted if-theory 
(Lemma I3.2p . According to this result, z/4 and z/g are bases of the spaces of 
characteristic classes with values in R) and iJ^(M, R). 

So far, characteristic classes for twisted if-theory are constructed by an 
algebro topological method [5] or by a differential geometric method (see [13] 
for example). Our construction is in some sense an intermediate one. 

The Chern character for twisted /iT-theory also admits a number of formula- 
tions (for example [H [71 [TTl [17] ) . Developing our construction, we may formulate 
the Chern character for odd twisted if-theory as a homomorphism with values 
in twisted Cech-de Rham cohomology. A partial result in Section [H] justifies 
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this, but the fuh formulation needs an efficient way to handle the Cech-cochains 
involving the odd forms tr[(g~^d(7i)^'^~^]. 

The organization of the present paper is as follows: In Section [31 we recall 
Cech cohomology and smooth Deligne cohomology, to fix our convention of 
notations. In Section [31 we review twisted X-theory. We also review here 
the classification of principal PU (ff )-bundles, the Atiyah-Hirzebruch spectral 
sequence (AHSS), characteristic classes and the homomorphism fii. Then, in 
Section m we give our reformulation of Mickelsson's invariant. We start with an 
introduction of a smooth Deligne 4-cocycle and then give the Cech-de Rham 3- 
cocycle giving ^3 . We also provide examples of computations of fis at the end of 
this section. In Section[Sl we construct our generalizations flf, and vg. Then, 
in Section[6l we state and prove the factorizations of /ia and Jj^. We also present 
a part of a twisted Cech-de Rham cocycle suggesting a possible construction of 
the Chern character. Finally, in Section [7] and [H we provide formulae necessary 
for the proof of some statements in Section [H and [5] involving computations of 
Cech-de Rham cochains. These computations are simple but lengthy. Hence we 
separated them for the readability. 

Acknowledgments. I would like to thank Jouko Mickelsson for comments about 
an earlier version of the paper. The author's research is supported by the Grant- 
in-Aid for Young Scientists (B 23740051), JSPS. 

2 Smooth Deligne cohomology 

To fix our conventions, we review Cech and smooth Deligne cohomology. 
2.1 Cech cohomology 

Let X be a topological space, and F a sheaf of abclian groups on X . For an 
open cover {Ui] of X, the Cech cohomology H*{{Ui},F) with coefficients in F 
is defined to be the cohomology of the cochain complex [C* {{U i] , F) , 5) . Here 
the group of p-cochains is given by C^{{Ui},F) — J|,-^ F{Ui„...i^), where 
Uio-.-ij, = ?7io n • • • n Ui^ as usual. The coboundary operator 6 : CP{{Ui},F) — 
CP+^l{Ui},F) is defined by 

P+i 

To eliminate the dependence on the open cover, we take the direct limit 

H*iX,F) = \m^H*{{U,},F) 

with respect to the direct system consisting of open covers of AT . In the case X 
is a manifold, there exists a so-called good open cover [3]. For a good cover, we 
have the canonical isomorphism H*{{Ui},F) = H* {AI, F). 
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If is a sheaf of rings, then we can introduce a multiplication to C* {{Ui}, F) 
as follows. Let a = {ai„...i^) and b = {bi„...i^) are p- and g-cochains, respectively. 
Then their product a U 6 = ((a U fe)io - ip+<,) is the {p + (7)-cochain defined by 

(a U = aig...i^ • ^ip+i-.-ip+g ■ 

We can easily verify d{aUb) = {5a)Ub+ (— l)''aU (Sb), so that the multiplication 
makes the cohomology H*{{Ui},J^) into a (graded) ring. 

For a sheaf of complex J" ~ {J^*,d), the Cech cohomology H*{{Ui},J^) is 
defined as follows: We construct a double complex by setting {{Ui} , J-''^) = 
riio - i ■^'^i^io - ip)- Cnc coboundary operator is the Cech coboundary oper- 
ator / : CP({[/i}, J"?) ^ CP+\{U,},T''). The other coboundary operator 
d : CP{{U^},Ti) CP{{U,},T''+^) is induced from that on the complex (V*, d). 
We define the total complex {C* {{Ui} , , D) to be 

C'-({C/J,^)= CP{{U.},T^). 

r=p+q 

The total coboundary operator D acts as D = S + {—l^d on {{Ui} , T"^) . 
The cohomology of this total complex is H*{{Ui},T). Taking the direct limit 
as before, we get H*{X,F). If X is a manifold and {Ui} is a good cover, then 
H*{{Ui},F)'^H*{X,F). 

A typical example of the sheaf of complex is the de Rham complex = 
(ri*, d) on a manifold X. In this case, H*{{Ui}, fi) and H*{X, ft) are called the 
Cech-de Rham cohomology. As is well-known [3], the cochain map 

R) CP{{U,}, n), (c,„...,J (c,o...,^, 0, • • • , 0) 

induces an isomorphism H*{X,M.) = H*{X,fl). Also, the Cech-de Rham coho- 
mology and the de Rham cohomology H* {il* {M) , d) are isomorphic via 

nP{M)^CP{{U,},R), iu^{0,--- ,0,uj\u,). 

These cochain maps give rise to ring isomorphisms, if we define the product 
a A /? of Cech-de Rham m- and n-cochains 

to be the following Cech-de Rham (to -|- n)-cochain: 

k 

( [0] M ... sr^.,.(^-k+e)e [^-k+e]o[n-i] ... 

f=0 
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2.2 Smooth Deligne cohomology 

For a smooth manifold M , the smooth Deligne complex of order n is the complex 
of sheaves 

Z(n)^ : Z ^ 4 17^ 4 • • • 4 ^ ^ • • • , 

where Z is the constant sheaf placed at degree 0. The smooth Deligne cohomol- 
ogy of M is then defined to be H*iM, Z(n)g'). 

We have ff*(M,Z(0)g') = H*{M,Z) clearly. For positive n, we have: 
Proposition 2.1 ([6J). T/ie following holds true for n > 0: 
(a) If p n, then we have 



HP-'^{M,R/Z), p<n, 
HP{M,Z), p>n. 



(b) There are natural exact sequences 

^ i7"-i(A/,R/Z) ^ H''{M,Z{n)^) f7"(M)z ^ 0, 

where flP{M)z C f2^(M) is t/ie group of closed integral p-forms. 

We notice that the projections in the exact sequences in Proposition l2.1l have 
the following description in terms of Cech cocycles 

ff"(M,Z(n)^) ^ 17"(Af)z, (a.o....„,a5..,_^,...,al:-^l) ^ dal^^', 
iJ"(M, Z(n)^) ^ i?"(M, Z), (a.„....„, al^|..,;_^, . . . , a'^^l) ^ (a,„....J. 



It is known |6] that the smooth Deligne complex admits a multiplication 
Z(m)g' (8) Z{n)^ — Z(m + The induced homomorphism on Deligne 

cochains can be described as follows: Let p < m and q < n. For cochains 

their product d U /3 is defined by 

(a U 6, a U /S^"!, • • • a U /^["-il, a^"! U d/?!"-^!, • • • , a^^-^l U d/?!"^^!). 

3 Twisted A'-theory 

We here review some basics about twisted JiT-theory used in this paper. 
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3.1 Principal PU{H)-hund\e 

To twist K-theory, we use a principal PC/(ff)-bundle in this paper. Here 
PU{H) = U{H)/U{1) is the projective unitary group of a separable infinite 
dimensional Hilbert space H. As a topology of PU{H), we consider that in- 
duced from the operator norm topology on U{H). 

Proposition 3.1 ( 6 ). The isomorphism classes of principal PU{H) -bundles 
on a manifold M are in bijective correspondence with elements in H^^AI^'L). 

We will write h — h{P) £ H^{M,Z) for the element classifying a principal 
PU{H)-hund\e P — > M. In Cech cohomology, h{P) is described as follows: Let 
{Ui} be a good cover of M. If we choose local sections Si : Ui ^ P\ui^ then we 
get the transition functions (t>ij : Uij — > PU{H) by Sj = Si(t)ij. We also choose 
lifts : Ui — )■ U{H) of As a convention, we always choose (jiij so that 

= The choice of the lifts then defies fijk ■ Uijk — C^(l) by the formula 

4>ij4>jk — fijk4>ik- 

We further choose rjf^^. e fl'^{Uijk) such that 

fijk = exp27r«7y|°|.. 
Now hijki = ((5r/[°l)ijfe; e Z defines a (Deligne) 3-cocycle: 

h^{K,^,^,^,) G Z\{Ui},1), 

which represents h{P) G H^{M,Z) classifying P. 

We remark that the Deligne 3-cocycle (^ijfcz, Jylji) G ^^i{Ui},'Z{'^)^) also 
represents h{P) £ H^{M,Z) H^{M,Z{1)'^). 

So far, we only concerned with a topology on PU{H), so that a principal 
PU{H)-hund\e means a topological principal PU (iJ)-bundle. However, we need 
a 'smooth' structure on a principal PU {H)-hmidlc in this paper. We have two 
possible methods to make sense of it: The first method is to introduce PU{H) 
a structure of a manifold. This would be possible based on the fact that U{H) 
gives rise to a Banach manifold '^T. The second method is to introduce a 
'smoothness' to a topological principal PU {H)-h\n\A\e P over a manifold M 
through its transition functions. Namely, let <f>ij : Uij — > PU{H) be transition 
functions of P with respect to a good cover of M. Then, we say P is smooth if 
there is a smooth lift (pij : Uij — > U{H) of (t>ij. 

Clearly, if P is a smooth principal PU (iJ)-bundle in the first method, then 
so is in the second. In each formulation, the classification of smooth principal 
Pf7(iJ)-bundles is the same as in the case of the topological classification. The 
need for the smoothness of a principal PU (iJ)-bundle in this paper only enters 
through lifts of the transition functions. Hence the second method, which is 
easier to handle, is adequate for our purpose. 
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3.2 Twisted K-theory 



For a principal PC/(iJ)-buiidle P M and i € Z, the P-twisted iT-groups 
Kp{M) of M are defined [Dill]. There are various realizations of K^{M). For 
the purpose of this paper, a particular construction of the odd twisted i^T-group 
Kp{M) is necessary: Let Ui{H) be the group of unitary operators on H which 
differ from the identity operator 1 by trace class operators: 

Ui{H) — {u ^ U{H)\ li — 1 trace class operator}. 

The conjugate action of PU{H) on Ui{H) associates to P the fiber bundle 
P XAd Ui{H). We denote by T{M, P x^d Ui{H)) the space of sections. We say 
that 50, 5i G ^{M, P x^d Ui{H) are homotopic if there is g G r(A/ x [0, 1], (P x 
[0, 1]) XAd Ui{H)) such that g\Mx{i] = 9i for i = 0, 1. The homotopy classes of 
sections of P x^^ Ui{H) constitute the odd twisted X-group: 

K],{M) = T{M,PxAd C/i(i?)) /homotopy. 

The group structure is induced from that on Ui{H). 

The group Ui{H) has a structure of a Banach Lie group [211. Thus, in the 
case where M is a manifold, we can also introduce a smoothness to P x AdUi{H) 
according to the smoothness of P. Then, we have two options to consider 
continuous or smooth sections of P x^^ Ui[H) to define the odd twisted K- 
group. But, the resulting groups are naturally isomorphic, because a continuous 
section g can be approximated by a smooth section homotopic to g. 

3.3 The Atiyah-Hirzebruch spectral sequence 

The twisted iiT-groups constitute a certain generalised cohomology. This fact 
leads to the Atiyah-Hirzebruch spectral sequence([TJ [2]): The i?2-term is 

El'"^ ^HP{M,K'>{^i)). 

Because of the Bott periodicity Ki+^''{M) ^ K},{M), we have E^''^ = E^''' . The 
differential rfg : E^'^"^ ^p+3,2g-2 gpg^^iggj 2 : = Sql - h{P)U. Then 
the spectral sequence converges to a graded quotient of Kp{M) for compact M: 
Namely, there are filtrations 

Kl(M) = F'^KliM) D F^K°{M) D F^K%{M) D • • • , 
K],{M) = F^K],{M) D F^K\,{M) D F'^K],{M) D • • • , 

and the £^00 -terms fit into the exact sequences 

F^'J+^K"p{M) F^'iK"p{M) -> E^J^° ^ 0, 

To describe FPK*p{M), we regard M as a CW complex. Then FPK*p{M) is 
defined to be kernel of the restriction K*p(M) — > Kp{M^p), where M<p C M 
is the union of cells of dimension less than p. 
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By the help of the Atiyah-Hirzebruch spectral sequence, we can easily com- 
pute the twisted if-groups of a compact connected oriented 3-dimensional man- 
ifold M: Let P — M is a non-trivial principal PJ7(_ff)-bundle. We use the 
orientation to identify h = h{P) G H^{M,Z) = Z with an integer. Because Sq^ 
is trivial on iJ"(M, Z), we have 

Because H^{M, Z) is always torsion free, we get: 

K%{M) = ff^(M,Z), K},{M) = H^{M,Z) ® Z/h. 

3.4 Characteristic class 

For twisted i^-theory of degree i, we mean by a characteristic class or a Chern 
class [5] (with coefficient in A) a natural map 

c : K'piM) — > H*{M,A) 

which is defined for any principal P[/(7J)-bundle P over a manifold M. (We 
can consider more general spaces, such as CW complexes. But we restrict our- 
selves to consider manifolds only for simplicity.) For even twisted if-theory, 
such characteristic classes are known to be in one to one correspondence with 
cohomology classes of a certain space [2] . A generalization of this result is that 
characteristic classes for odd twisted i^T-theory are in one to one correspondence 
with elements in H*{Y,A), where Y = EPU{H) XAd Ui{H) is the fiber bun- 
dle associated to the universal PC/(iJ)-bundle EPU{H) BPU{H) and the 
adjoint action of PU{H) on Ui{H). 

Lemma 3.2. Let P{t) = ^^^^q dimi/"(F, M)t" be the generating function for 
the dimension of (y, R) . Then we have 

P{t) =t^+ t^ + (1 - t^) Y[{1 + t^'+i) 

= l+t + t^ +t^ + t^ +t'^ + t^^ +t^^ + 1^"" + 2t^^ + t" + ■■■ . 

Proof. The essential ideas are due to [2 : We use the Serre spectral sequence: 

E^^'^ = HP{BPU{H),R) (g) iJ«([/i(iJ),R) HP+''{Y,R). 

Recall that Ui{H) is homotopy equivalent to U{oo) — lin^^ C/(n), as is well- 
known ([5T] for example). Its real cohomology is the exterior algebra gener- 
ated by elements xi, X3, xs, . . . of degree 1, 3, 5, . . . respectively: H*{U{n), R) = 
A^{xi,X3,X5, . . .). On the other hand, BPU{H) is homotopy equivalent to the 
Eilenberg-MacLane space K{Z,2>). Its real cohomology is the exterior algebra 
generated by a single generator h of degree 3. As a result, we have i?3 = E2 
and EoQ = E4. Now, by generalizing an argument in [5], we can describe the 
differential ^3 on generators h and follows: 

d^h^O, 6^3X1 = 0, d3X2i+i ^ hx2i-i, (i > 0). 
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To compute the cohomology da : E^'* — >■ E^'*'"^, we follow another idea in [2]: 
Let A = Ar{xi,X3,X5, . . .) be the exterior algebra generated on elements X2i+i 
of degree 2i + l, {i >0) and define a derivation d : A — A by 

dxi = 0, dx2i+i = X2i-i, {i > 0). 

Then we have 

E^ = Ker(d), E^^ = Coker(d) ® Rh. 

Let Afe C A be the subspace consisting of homogeneous elements of degree k. 
In the same way as in [2], we can prove that d : A„+2 A„ is surjective for all 
n > 0. Thus, for n > 3, we have the short exact sequence 

— > Ker(d) n A„ — > A„ A„_2 — > 0, 

so that dim(Ker((i) n A„) — dimA„ — dimA„_2- The generating function of the 
dimension of A„ is 

^dimAX-n(l + ^''^')- 

n>0 i>0 

Assembling the results above, we get 

J2 dim(Ker(d) n A„)t" = + {I ~ i") + 

ri>0 i>0 

Taking E^ = R/i into account, we complete the proof. □ 
Lemma 3.3. We have 



p 





1 


2 


3 




HP{Y,Z) 


z 


z 





Z 





Proof. As before, we use the Serre spectral sequence: 

With basic knowledge of the cohomology of U{n), we easily see that the inte- 
gral cohomology of U{oo) ~ Ui{H) is the exterior algebra generated by elements 
Z2i+i of degree 2i + 1, (i > 0): H*{Ui{H),Z) = Al{zi, Z3, z^, . . .). A computa- 
tion of the cohomology of K{Z, 3) ~ BPU{H) can be found in [3]: 
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4 
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HP{BPU{H),Z) 


Z 








Z 








Z/2 





Now, we can readily compute the spectral sequence to identify HP{Y,Z) for 
p = 0, 1, 2. The third cohomology fits into the exact sequence: 

O^E^" ^ H^{Y, Z) E°J 0. 

In computing E^ , the first possibly non-trivial differential is ^3 : £'3''^ — > E^'^ 
with £'3''^ = Z and E^'^ = Z. In the case of real coefficients, ^3 above is non- 
trivial by Lemma 13.21 This implies that ^3 with integral coefficients is also 
non-trivial, so that eI'° = 0. Hence E^° = and H^{Y, Z) ^ Z. □ 
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3.5 The determinant and the first cohomology 

The following characteristic class is essentially given in [TB]. 

Proposition 3.4. For any principal PU (H)-bundle P over a manifold M , there 
is a natural homomorphism 

m : Kl{M) ^ H\M,Z). 

Proof. Because the determinant det : Ui{H) — )■ U{1) is invariant under the 
conjugation action of U{H) on Ui{H), we have a natural homomorphism 

r(M,F XAd Ui{H)) ^ C°^{M,U{1)). 

This induces fj,i, since the homotopy classes of C°°{M, U{1)) is H^{M, Z). □ 

It is possible to describe the construction of /ii above via Deligne cohomol- 
ogy: As in Subsection 13.11 let {Ui} be a good cover of M and Si : Ui ^ P\ui 
local sections of P. We represent an element in a; G K]}[M) by a section g 
of P XAd Ui{H). If we define : ^ Ui{H) by g{x) = [si{x),gi{x)], then 
4>ij^9i4'ij = 9ji where : Uij — > U{H) are some lifts of the transition functions 
4>ij : Uij PU{H). Because {Ui} is a good cover, we can find af^ e Q'^iUi) 
such that det((7i) = exp2'Kiaf\ which induces a 1-cocycle (oy) £ Z^{{Ui},Z) 
by setting — {Sa^^^)ij. Summarizing, we get a Deligne 1-cocycle 

d = (a,„afl)eZi({[/,},Z(l)^). 

The cocycle conditions are: 

-ay =0, {Sa),,k=0- 

The assignment g i— )■ [(fly, a^"')] gives a well-defined homomorphism 

r(M,P XAd Ui{H)) ffi(M,Z(l)^) - C°"(Af,C/(l)), 

which is identified with the homomorphism in the proof of Proposition l3.4l Now, 
the 1-cocycle (a^) e Z^{{Ui},Z) represents ^i(x) ~ fii{[g]). 

We here identify the homomorphism fii with one appearing in the Atiyah- 
Hirzebruch spectral sequence. It is easy to see 

Elf C---C El'" = Ker(d3) C eI'° = H\M,Z). 

The EoQ-teim E^f fits into the exact sequence 

^ F^K],{M) K],{M) -> Elf 0. 

Lemma 3.5. is identified with the composition of: 

KUM) -> Elf -> El^" E'/ = i/i(Af,Z). 

T/iMS, for any x e Kj,{M), we have h{P) U ^ii{x) = m H^{M,Z). 
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Proof. Tentatively, we write tti for the composition. Lemma 13.31 implies that, 
up to a constant multiple, there is a unique characteristic class for odd twisted 
iiT-theory taking its values in H^{M,1). As a generator of such characteristic 
classes, we can choose tti. This is because tti induces an isomorphism K^(S^) = 
H^{S^ , Z) = Z. Now, we can express as /^i = ctti, where c S Z is an unknown 
constant. To specify c, it suffices to compute /ii in the case of M = S*^. For 
the computation, we notice an inclusion U{oo) = \mi^U{n) C Ui{H) which 
induces a homotopy equivalence and is compatible with the determinant |21j . 
Then the inclusion g : ^ U{oo) defines the element x G K^{S^) such that 
Hi{x) = 1 under the identification H^{S^,Z) = Z induced from the standard 
orientation on S^. On the other hand, we also have tti{x) = 1. To see this, 
we regard as a CW complex consisting of a 0-cell and a 1-cell e^. Then 
■Ki{x) G H^{S^,Z) is represented by a homomorphism Ci{S^) —?> Z, where 
Ci{S^) is the cellular chain complex of degree 1, which is generated by the 1- 
cell e^. From the construction of the Atiyah-Hirzebruch spectral sequence, the 
homomorphism Ci{S^) — ^ Z associates to the element [g] G K^(e^, de^) = Z. 
Here the isomorphism {e^ , de^) = Z is given by the definition K^{e^, de^) = 
K°iD^,S^) and the Thom isomorphism K°{D'^,S^) ^ K°{pt) = Z. Then 
g : ^ Ui{H) corresponds to the triple {E^,E^,f), where and E^ are 
the trivial vector bundle on of rank 1, and f : Eq\si ^ Ei\gi \s the vector 
bundle map that multiplies the fiber d± u G with u G ^ U{1). Such 
a triple represents the element in 1 S K°{D^,S^) = Z, so that TTi{[g]) — 1. 
Consequently, c = 1 and /xi = tti. The remaining claim h U = now 

follows from the fact that : E^'^ is identified with ds — ~hU. □ 

4 Mickelsson's invariant 

Wc here give our reformulation of Mickelsson's twisted A' -theory invariant jTS] . 
Theorem 11.11 in Section [T] is shown as Theorem 14.81 Some of the proof with 
involved computations are given in Section [7] and |S1 

4.1 Deligne 4-cocycle 

Definition 4.1. Let M be a smooth manifold. 

• For f :M Ui{H) we define a 3-form Csif) on M by 

C3(/) = triir'dm 

• For f,g:M—i' U{H) such that f or g takes values in Ui{H), we define a 
2-form B2{f,g) on M by 

i32(/,.9)=tr[rid/Adg.9-i]. 

Note that df in the definition of C'i{f) is a 1-form with values in trace class 
operators. Hence {f~^df)^ is a 3-form with values in trace class operators, and 
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we can take its trace. Also, in the definition of B2, the l-form f~^df or dgg~^ 
takes values in trace class operators. Since trace class operators form an ideal, 
we can take the trace of f~^df A dgg^^. 

Definition 4.2. Let P be any principal PU {H)-hund\e over a manifold M. 
Suppose a section g of P XAd Ui{H) is given. We make the following choices as 
in Subsection 13.11 and 13.51 

1. a good cover {Ui} of M, 

2. local sections s,; : Ui — ^ P\ui of P, 

3. lifts (f>ij : Ui — > U{H) of the transition functions if'iji 

4. functions rj-^^j. : Uijk ~> K such that exp 27ri?7j°[, — fijk, 

5. functions a[°' : t/^ — > M such that exp27ria[°' = det{gi). 
Then we define a Deligne 4-cochain 

/3 = (&.,.;™,/3gL,/3Si,/3g',/3fl) e C4({t/.},Z(4)^) 



as follows: 



Pijfe — 'lijk'^'^k ' 
^ijklm — ^ijkl^lm,' 

We remark that —(^ij essentially coincides with (1.6) in [18], since 

~^g' " + g:r^dgi + g^d(j>^j(j)r^^ g~^ - d(j)^j(j)-j^)]. 

Lemma 4.3. The following holds true: 
(a) The Deligne A-cochain P is a cocycle. 

(h) The assignment g ^ jS induces a well-defined homomorphism: 
r(M, P XAd Ui{H)) H\M, Z(4)^). 
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Proof. For (a), the proof of D0 = will be given in Subsection 17.21 For (b), by 
Lemma 18. 1[ 18. 2[ 18.41 and 18. 6[ if we change the choices af^ , r;!"' , (pij and Si , then 
/3 changes by a coboundary, so that we get a well-defined map 

T{M,P XAdUiiH)) H\{U,},Z{4)^). 

We can easily see that this map is compatible with the homomorphism of Deligne 
cohomology induced from a refinement of the open cover {Ui}. Therefore the 
map in question is well-defined. Finally, Lemma 17.71 implies that this map gives 
rise to a homomorphism. □ 

Lemma 4.4. The homomorphism T{M,P XAd Ui{H)) iJ''(M, Z(4)g') in 
Lemma \4-.3\ induces a well-defined homomorphism 

/^f : K},{M) H^{M,R)/H^{M,Z). 

Proof. Recall the two exact sequences of Deligne cohomology: 

^ H^{M,R/Z) H'^{M,Z{4)^) l}'^(M)z 0, 
^ n^{M)/n^{M)z H^{M, Z(4)^) ^ H^{M, Z) ^ 0. 

By construction, we have d(3^^^ — 0. Thus, under the surjection in the first 
exact sequence, the Deligne cohomology class associated to g is mapped to the 
trivial 4-form. On the other hand, under the surjection in the second exact 
sequence, the Deligne cohomology class is mapped to —hUfii{[g]) S H'^{M, Z), 
which is trivial by Lemma 13.51 Combining these facts, we conclude that the 
homomorphism in Lemma 14.31 is identified with 

r(M,F XAd Ui{H)) — > H^{M,R)/H^{M,Z). 

This descends to give /if: since H^{M, M.)/H^{M, Z) is homotopy invariant, the 
homomorphism carries homotopic sections to the same element. □ 

Lemma 4.5. /if is trivial. 

Proof. We have the natural exact sequence 

> H^(M,Z) H^{M,R) A H^{M,R/Z) ■ ■ ■ . 

The composition of /if and the inclusion induced from the sequence above 

H^{M,R)/H^{M,Z) H^{M, R/Z) 

defines a characteristic class /2 : Kp{M) — H^{M, R/Z) for odd twisted K- 
theory. As in Subsection 13.41 the characteristic class corresponds bijectively to 
an element u £ H^{Y,R/Z), where Y = EPU{H) XAd Ui{H). More precisely, 
/2 corresponds to an element 

u G lm[q : H^{Y,R) H^{Y,R/Z)] C H^(Y,R/Z). 
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Lemma O and Lemma [S3] tell us H^{Y,R) ^ K and H^{Y,Z) ^ Z. We let 
X e H^{Y,Z) be a generator, and xr e i?'^(y, M) = K its real image. Then we 
can express u as u = q{rxM) for some r g R. To specify r, it suffices to compute 
in the case where M = and P is trivial. In this case, K^{S^) = Z is 
generated by the composition g of inclusions = SU{2) C U{2) C U{oo) C 
Ui{H). For this g, we have /3 = (0, 0, 0, 0, ^) with /jf the restriction of the 
closed integral 3-form 

^tr[ig-'dgf] G n^SU{2))^. 

Therefore /if ([5]) = for [g] G K^{S^) and we find r is an integer: r G Z. This 
implies u = and /I = as well as the general triviality of . □ 

4.2 Reformulation of Mickelsson's invariant 

Lemma 4.6. Let g he a section of Py.AdUi{H) given, bkc? {J7i}, s^, 0^^, ryj^J., a^"' 
the choices in Definition \4.2\ We suppose that = 0, so that there is 

a : M -> R such that =a\ui- 

(a) The following is a Cech-de Rham Z-cocycle: 

/? = (/?SL>/3Si,/3g',/3f')e^'({CA},f^). 

(b) The assignment g [j3] induces a well-defined homomorphism 

{g e T{M.PxAd Ui{H))\ /xi([g]) = 0} ^ H"" {M / {h{P) U H\M,I.)). 

Proof. For (a), we have = by the assumption. Since /3 is a cocycle, so is 

p. For (b), it suffices to show that the changes of the choices Si, (jjij, -qf^^. and a 
result in changes of /? by a 3-coboundary or a 3-cocycle representing an element 
in h{P) U H'^{M,Z). For simplicity, we assume Af is connected. If a' is the 
other choice, then the difference s = a' — a is an integer. Let /3' and /3 denote 
the Cech-de Rham 3-cocycles defined by using a' and a, respectively, with the 
other choices unchanged. Then Lemma |8 . 1 1 gives 

/3'-/3- (-/i,jfc,s, 0,0,0), 

which represents an element in h{P) U iJ*'(Af, Z). We then consider to change 

the choices of 77!^),, and Si. By Lemma 18.41 and |8.6[ we easily see /? 
changes by a 3-coboundary, so that (b) is proved. □ 

Lemma 4.7. The homomorphism in Lemma \4-.6\ induces a homomorphism 
f4 ■■ Ker/ii ^i73(M,R)/(/t(P)UiJ°(Af,Z)) 



16 



which is natural and makes the following diagram commutative: 
Ker/ii > Kl,{M) 

R -D 

H^{M,R)/{h{P)\JH^{M,Z)) > H^{M,R)/H^{M,Z). 

Proof. As in the case of /if, we easily see that the homoniorphism in Lemma 
14.61 descends to give fif. Now, the commutativity of the diagram is clear from 
the constructions of /if and fi^ . □ 

The /if recovers original Mickelsson's invariant if M is a compact connected 
oriented 3-manifold. But, our reformulation is a slight refinement of /if. The 
following theorem leads to Theorem 11.11 in Section [1] 

Theorem 4.8. For any principal PU{H)-bundle P over a manifold M, there 
is a natural homomorphism 

fis : Ker/ii — > H^{M, Z)/(Tor + h{P) U H°{AI, Z)) 

such that: 

(a) /if factors through fjL^ as follows: 

Ker/ii ^ i73(M,M)/(Tor + /iUi7°(M,Z)) H^{M,R)/{hU H"{M,Z)). 

(b) If M is a compact connected oriented 3-manifold, then — /ia agrees with 
original Mickelsson's twisted K-theory invariant. 

Proof. The exact sequence: 

H^(M,Z) g^(M,R) H^(MM) „ 

Tor+?iUff"(M,Z) ~^ huH"(M,Z) ^ (M,Z) ^ ^ 

together with Lemma 14.51 and 14.71 proves (a) . Then (b) follows from the con- 
struction, since the integration formula in |18] gives the isomorphism between 
the Cech-de Rham cohomology Vl) and M. (cf. [14]) □ 

4.3 Example 

We here present examples of computations of /fa. To have an element in odd 
twisted /^-groups, we utilize the notion of the push- forward [8l [12]. 

Let M be a compact oriented connected 3-dimensional manifold, pt e Af a 
point in M, and i : pt — 7> M the inclusion map. We use the orientation of M 
to have the isomorphism H^{A'I,Z) = Z, and regard h = h{P) as an integer for 
a principal PU{H)-hund\e P M given. In this case, the normal bundle of 
pt e A'l is trivial, so that the push-forward along i is a homomorphism 

: i^°(pt) — ^ Kl,{M). 

Notice that an isomorphism iiTpi ^(pt) ^ K'^{'pi) is induced from a trivialization 
of P|pt, which is essentially unique in the present case, since i/^(pt, Z) — 0. 
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Proposition 4.9. Let M be a compact oriented connected 2>- dimensional man- 
ifold, and P be a principal PU{H)-bundle P over M. 

(a) The image of it, is in Ker/zi. 

(b) For 1 e K°{pt) ^ Z, we have = 1 e Z/h. 
In the above, we write n G Z/h for the class ofnGZ. 

Proof. First of all, we recall that the push-forward is the composition of: 

Kf,p{pt) ^ K}.^JD,dD) ^ KUM,M\D) ^ KUM). 

In the above, D d M is a 3-diniensional disk containing pt, playing the role 
of a disk bundle of the normal bundle of pt C M. Using a trivialization of 
P\d, we have K},^^{D,dD) = K^{D,dD). Notice that the Thom class of the 

trivial bundle — ^ pt defines a generator r € K^{D,dD) = Z. Then the 
first homomorphism Kf,p{pt) — )• Kp^^{D,dD) is given by 1 i-)- r. The second 

homomorphism is the excision isomorphism, where M\D stands for the closure 
of the complement of D in M. Finally, the third homomorphism is to 'forget' 
about the information of supports. Now, recall that K^{S^) is generated by the 
composition of the inclusions = SU{2) C U{oo) C Ui{H). In view of the 
isomorphism K\D, dD) ^ K^{S^), we can represent r e K^{D, dD) ^ K^{S^) 
by a map go ■ D ^ U\{H) such that g\dD = 1 and 

^*^[(^- ^^-)'] = 1- 

Using gD, we can realize by a section g G T{M,P XAd Ui{H)) as follows: 
Let {Ui\ be a good cover of M. Since M is compact, we can assume that the 
open cover is finite. Reducing the number of the open cover if necessary, we can 
find an open set [/q and a point pt G Uq such that pt ^ f/j for i 7^ 0. We can 
assume this is the original point in question. Let D C C/q be a 3-dimensional 
disk such that pt e .D ^Z^ f/j for i 0. For local sections Si : Ui ^ P\ui, we define 
go ■ Uo ^ Ui{H) to be the extension of go by the identity operator 1 G Ui{H), 
and gi to be the constant map gi = 1 for i ^ 0. The section g corresponding to 
{gi} is a representative of Then, for (a), it suffices to prove T^i{i*[g]) = 

for loops representing elements in 7ri(M). Because we can choose D small so 
that £(5'i) n D = 0, we have i*det{g) = 1 and hence Hii[e*g]) = 0. For (b), 
observe that the Cech-de Rham cocycle (3 representing i^3{[g]) is of the form 
13 = (0,0,0,/3fl ). Further, /Sf = for i 7^ and J^^ Pq^ = 1. Such a cocycle 
represents 1 G H^{M,R) and hence nadg]) = i. □ 

Next, we consider /j.^ on SU{3). Let W C SU{3) be the subspace consisting 
of symmetric elements: W = {U G SU{3)\ U'^ = U}, where is the transpose 
of U. The map U ^ UU'^ induces the diffeomorphism SU{3) / SO{3) W. The 
Poincare dual PD(VF) G H^{SU{3),Z) ^ZoiW C SU{3) is a generator. The 
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characteristic class WsiN) e H^{W,Z) = Z/2 of the normal bundle N ^ W 
of the inclusion i : W 51/(3) is non-trivial, and i*PB{W) = Ws^N) holds 
true. (See [TB] for these facts.) For any principal P/7(i?)-bundle P on SU{3), 
we again regard h — h{P) as an integer. Now, in the case that h is odd, the 
push-forward along i gives a homomorphism 

■■ K°{W) K].{SU{?,)). 

It is known that K^{W) = Z. Thus, the trivial vector bundle constitute 
K°{W). Note that Kl,{SU{i)) = Ker/ii since 7ri(S'C/(3)) = 0. 

Proposition 4.10. Let P — > SU{?)) be a principal PU{H)-bundle such that h = 
h{P) e H^{SU{3),Z) =1 is odd. For 1 G K^{W) ^ Z, we have M3(i*(l)) = 

1 e z/h. 

Proof. As in [TB], we can find an inclusion j : ^ SU{3) such that CiW = 
pt. Then j* induces an isomorphism H^{SU{3),Z) H^{S^,Z). We here 
consider the following diagram: 

> K},{SU{3)) Z/h 
j* 

> Kj,piS^) Z//i, 

where K'^{pt) Kjtp{S^) is the push-forward along the inclusion pt — S^, 
and -ftr°(M^) -> /^''(pt) is the pull-back under the inclusion pt = WnS^ ^W. 
We can prove that the diagram is commutative: As in the case of pt — > S*^, the 
push-forward is the composition of 

K°{W) Kl^^{D,S) Kl,{SU{3),SU{3)\D) kI,{SU{3)), 

where D and S are the disk bundle and the sphere bundle of N. To understand 
i*, we use an idea in [T3| to construct a gerbe classified by PD(W^). We then use 
the description of twisted if-theory in [T^] to construct a representative of the 
Thom class in Kp^^{D, S). Such a representative can be constructed so that its 
support concentrates a.t W C D. Accordingly, the restriction j*(i*(l)) admits 
the same description as the image of 1 € K^{pt) under the push- forward along 
pt — >■ 5*^ given in Proposition 14.91 Once the commutativity of the diagram is 
established in this way. Proposition 14.91 completes the proof. □ 

In the case that h is even, the push-forward along i gives a homomorphism 

where Q is a principal PJ7(iJ)-bundle such that h{Q) — W3{N). The Atiyah- 
Hirzebruch spectral sequence shows Kq{W) = 2Z. 

Proposition 4.11. Let P — > SU{3) be a principal PU{H)-bundle such that 
h = h(P) e H^{SU(3),Z) ^ Z is even. For 2 e K^{W) = 2Z, we have 
/i3(i*(2)) = 2 e Z/h. 



1 

i^O(pt) 
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Proof. In this case, we consider the foUowing diagram: 



K^iW) K},{SUi3)) Z/h 

1 1^- II 

K°{pt) > Kj,p{S^) Z/h, 

where K'^{pt) Kj,p{S^) is the push- forward along the inclusion pt — > S^, 
and Kq{W) i4r*'(pt) is the pull-back under the inclusion pt W. Since 
h{Q) — W3{N) is a torsion element, we can represent an element in Kq{W) by 
a twisted vector bundle or a bundle gerbe ivT- module [3] . By the help of this de- 
scription, we can prove the commutativity of the diagram along the same line as 
in Proposition l4.10l Now, notice that we can construct bundle gerbe X-modules 
representing elements in Kq{W) from representations of Spin'^(3) = U{2) whose 
center U(l) act by the defining representation. Such representations are even 
dimensional, so that the virtual rank Kq{W) — >■ Z induces the isomorphism 
K^{W) = 2Z. Therefore the restriction K^{W) K°{pt) is the inclusion 
2Z Z, and Proposition 14.91 completes the proof. □ 

5 Generalization 

We here generalize the construction in the previous section. Theorem 11.21 in 
Section[l]is shown as Theorem l5.61 while Theorem ll.3l is separated into Theorem 
15.91 and 15.121 Some details of the proof are given in Section [7] and HI 

5.1 Deligne 6-cochain 

Definition 5.1. Let M be a smooth manifold. 

• For f : M ^ Ui{H) we define a 5-form Cc,{f) on M by 

C5(ff)=tr[(/-M/)5]. 

• For f,g:M^U (H) such that f or g takes values in Ui (H) , we define a 
4-form Bi{f,g) on M by 

BiU.g) = iT[{r'dJ){dgg-'f + \{r'dfdgg-'f + {r'dff{dgg-% 

• For f,g,h : M U{H) such that f , g oi h takes values in Ui{H), we 
define a 3-form A{f, g, h) on M by 

A{f,g,h) - tr[r^dfgdhh-^dg-^+f-^dfdgdhh-^g-^]. 



20 



Definition 5.2. Let P be any principal PU (i?)-bundle over a manifold M, and 
g a section of P XAd Ui{H). Choosing {Ui}, s^, <Pij,r]ij^k ^^'^ "^f Definition 



4^ we define a Deligne 6-cocliain 7 e C^({f7i}, Z(6)^): 

- ^ , [0] [1] [2] [3] [4] [5] ^ 

T v'^ioH*2«3«4«5 26 ' 720212223*4*5 ' 7^021^2*3*4 ' 72q2i2223 ' ^202122 ' ^igii ' Tig / 



as follows: 



[5] 



7o 

[4] 

[3] 
7012 



2407r3 



C^5(5o) 



rtr[(5/dgo)^], 



487r 



2407r3 

3 {-64(51,010) - S2((/'io,.9o)}, 



1 



247r2 



{P2(02i<?!'io,3o) + B2{g2,(t>2i4>w)} 



487r3 



{^(ff2,021,0io) - ^(021,51: 01O) + ^(021, 010, 5o)}, 



[2] 
7oi23 

7oi234 
[0] 

7o 12345 



9;, fl[2] „[0] ^o[l] , „[0] ,o[l] 
-^h012P23 ~ '7oi2"Po23 + ^123"Poi3, 



— "'70*12/5234 + 'il234/3oi4 + ^0123/3( 



1] 



OI23P034, 

'i2345Poi25 + 'il234Poi45 + "OI23P0345, 



C0123456 — /l2345&01256 + ^12346oi456 + ft-0123&03456, 

where $ = {b, (3^°\ f3^^\ f3^'^\ 13^^^ is the Deligne 4-cocycle in Definition I4.2[ and 
we substitute io — 0,ii — l,i2 — 2, . . . to suppress notations. 

Lemma 5.3. The Deligne cochain 7 G C®({[/i}, Z(6)^) satisfies: 

D7 = 2h U /3, 

where /i U /3 G C^({[/i}, Z(4)) is regarded as a cochain in C^({[/i}, Z(6)^). 

This lemma will be shown in Subsection 17.21 
Remark 1. If we define (Q(/i)2o2i22i3ui5) G C'^{{Ui},Z) by 



Q{h) 20212 



2, = 



22232425^2021*2*5 ^*l*2*324 ^20212425 



'*0*1*2*3 "'*0*3*4*5 ' 



then we have the expressions 7[*'l = —Q{h) U a'"' and c = —Q{h) U a. The 
cochain satisfies SQ{h) = — 2ft.U /i and represents Sq^{h) e H^{M,'Z,/2), 

where Sq^ is the Steenrod squaring operation. 



5.2 Generalization of Mickelsson's invariant 



[0] „,[o] 



Definition 5.4. Let g be a section of P x^^ Ui{H), and {Ui},Si,<pij,ril^jf,,a\ 
the choices in Definition 14.21 We suppose that /i3([(?]) — 0, so that: 



There is a : M — > K such that 



JO] 
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• There are m G ZO({f/J,Z) and A = (A|°i,AW,Af' ) e C^{{U.,},n) such 
that 13 ^mUh + DX. 

We then define a Cech-de Rham 5-cochain 
as fohows: 

[5] [5] 

[4] [4] 
*o*i '*o*i' 
[3] [3] 

"^*0*l*2 '*0*1*2' 
'^*0*1*2*3 ~ '*0*1*2*3 ^"'*0*l*2*3^i3 ' 
*0*1*2*3*4 /*0*1*2*3*4 ^"•*0*1 *2 *3 ^13 14 J 

[0] o;, \[ol 



*0*1*2*3*4*5 ~ 7io*i*2*3*4*5 "^^ion *2 *3 ^^13 1415 ™Q (^) *0 *1 *2 *3 *4*5 ' 



where ((3(/i)iohi2i3i4i5) <^ C^({t/i},Z) is given by 

Q(^)*0*l*2*3*4*5 — ^*2*3*4*5 ^*0*1*2*5 ^*1*2*3*4^*0*1*4*5 "I" ^*0*1 *2 *3 ^*0*3*4*5 • 

Lemma 5.5. m Definition\5.4\ is a cocycle. 



Proof. The lemma directly follows from Lemma 15.31 (Lemma 17. 6p and the for- 
mula = -2/i U /i. □ 

Theorem 5.6. Let P be a principal PU {H)-hundle over a manifold M. Then 
the assignment to a section g of P x Ad Ui{H) of the cohomology class of lo in 
Lemma \5.4\ induces the following natural homomorphism 

fif : Ker^3 — > H'^{M,R)/{h{P) U H^{M,R)). 

Proof. By definition, /if ([(/]) — [ui]. To prove that fif is a well-defined map, 
we study how uj changes according to the various choices made: For simplicity, 
we assume that M is connected. Let to' and A' be other choices such that 
P = m' U h + DX' . We denote by oj and ut' the 5-cocycles defined by using A, to 
and A', m', respectively, with the other choices unchanged. Then we have 

uj' -uj = (-2/iUj/["1 -nQ,-2/iUz^W,-2/iUi^[2l, 0,0,0), 

where n = to' - to e Z°{{Ui},Z) ^ Z and = , i/W , z^I^l) = a' - A G 
C^{{U.i},fl) obey the relation: 

{nh,0,0,0) + Du = 0. 

In the case where h{P) = [{hijki)] G H^{M,Z) is not a torsion element, the 
relation above implies n = and Dv = 0, so that cj' — cj is a Cech-de Rham 
5-cocycle representing an element in h(P) U H'^{M, M) C H^{M, R). In the case 
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where h{P) G H^{M,Z) is a torsion element, there exists {^ijk) € C^({[/i},R) 
such that 6$, — h. Then we can express uj' — uj as 

Lo' -uj = -2(/iU +0,/iU z^W,/iU 0,0,0) + ni:>(P, 0,0, 0,0). 

In the above, the 4-cochain {Pioiii2i3i4) G C"*({?7i}, M) is given by 

which satisfies DP ^2h\J^-Q. Because (i/M +<, i^W, z^I^]) ^ C^{{Ui},Vt) is a 
cocycle, we conchide that lu' -~lu also represents an element in h{P) U H^{M, M) 
in this case. If we change the choices of a, 77'°', (pij and Si, then we can find 
suitable choices of m and A so that uj differs by a coboundary, as is shown in 
Subsection 18.11 18.21 18.31 and 18.41 Now, by the standard argument, flf is also 
independent of the choice of the open cover {Ui}. As a result, /if is a natural 
map. Finally /if turns out to be a homomorphism by Lemma [7.71 and FTSl □ 

Our construction only gives the homomorphism /if with values in the quo- 
tient hy hi) H'^{M, R), because IJ.3 is defined through a Cech-de Rham cocycle. 
To get a homomorphism with values in the quotient by ft. U ff^(M, Z), we may 
need an explicit representative of /is by an integral Cech cocycle. 

5.3 Characteristic class 

Definition 5.7. Let P be any principal P?7(i?)-bundle on a manifold M. Given 
a section g of Py. AdUi{H), we choose {C/i}, s^, 4>iji 'yjji a-nd af^ as in Definition 
14.21 and define a Cech-de Rham 4-cochain as follows: 

V = (0,0,0,/3,|^'lda[°l,/3fldafl) € C\{Ui\,n), 

where j3\j and are as in Definition 14.21 
Lemma 5.8. v in Definition \5.7\ is a cocycle. 

Proof. Notice that daf"^ is the restriction of tT[g~^dg]/ (2TTy/—l) to Ui and ap- 
pears in /3|^J. and hence in Then Lemma US] (a) together with the simple 
fact that the square of any odd form is trivial shows Di/ = 0. □ 

Theorem 5.9. Let P be any principal PU{H)-bundle on a manifold M . Then 
the assignment of the cohomology class of v in Definition \5.7\ to a section g of 
P ^Ad Ui{H) induces the following natural map: 

Vi : K],{M) — > H^{M,R). 

Proof. It suffices to verify the map is well-defined. From the results in Subsec- 
tion and we can see that the cocycle v is unchanged if we make other 
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choices of a ■ , jy-^j^ and ■ In the case where we choose other local sections s ■ 
of it holds that 

under the same notations as in Subsection 18.41 Let ly' be the cocycle defined as 
in Definition 15.71 by using /?'. Then we have 

I/' - J. = (0, 0, 0, ,5(Tplda[°l )y , d(Tf daf )) = i?(0, 0, 0, rf daf ). 

Hence the cohomology class of is independent of the choices. It is then clear 
that the map is also independent of the choices of an open cover of A/. Now 
the naturality is clear from the construction. □ 



Definition 5.10. Let P be any principal Pi7(i?)-bundle on a manifold M. 

Given a section g oi P XAd Ui{H), we choose {Ui}, Si, 4>ij, ryj^j, and af^ as in 



Definition 14.21 and define a Cech-de Rham 9-cochain 

- = (0, • • • , 0, 7r5^,^,3,^ , .[^1 ^,^,3 , ^5^,^ , , 1 ) e c'm}, n), 

as follows: 

^[7] ^ [3] «[3]rf^[0] , [4] ^[2] ^ [0] 

^['1 - - = 7t'l - - flf'lda™ - 7^'! - B^'\ 
^[^1 --7^'! /jt'l da'^l - - ■ da™ 

where /3|^' and /3p' are as in Definition 14.21 . . . ,7p' are as in Definition 

.. and Slf € fl^{U,j) is defined by = /jj-'/?!-'. 

Lemma 5.11. tt in Definition \5. 10\ is a cocycle. 

Proof. It is easy to see: 

These formulae and lemmas in Subsection 17.21 show the present lemma. □ 

Theorem 5.12. Let P be any principal PU{H)-bundle on a manifold M . Then 
the assignment of the cohomology class of i: in Definition \5.10\ to a section g of 
P ^Ad Ui{H) induces the following natural map: 

vq : Kl{M) — > H^{AI,R). 
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Proof. As in the case of 1^4, it suffices to prove that the cohomology class of tt 
is independent of the choices of af\ 77 -"j,, (f>ij and Si. The change of af^ does 

not alter tt by the results in Subsection 18.11 If we choose ry'l^j. instead of Tyj^}. , 
then the difference of the corresponding cocycles tt' and tt is 

tt' - TT D(0, 0, 0, 0, 0, r5Wdat°l , 0, 0, 0) 

under the notations in Subsection 18.21 If we choose (jj^^ instead of (pij , then the 
difference of the corresponding cocycles is 

7T'-n= -D{0, 0, 0, 0, 0, C['l/3['ldaM, C'"/3'"da[°l - C'^l/Sl'ldaM , (''^/^''^rfa™ , 0) 

under the notations in Subsection 18.31 If we choose s'^ instead of si, then the 
difference of the corresponding cocycles is 

tt' — TT = -D(0, 0, 0, 0, 0, V 

[5]^ ^[6]^ ^[7]^ ^[8])^ 

where, under the notations in Subsection 18.41 v^^\. . . ,v^^^ are defined by 

^ _^W^[2]^^[0] ^^[4]^,[2l^^[0] ^^[3]^,[3]^^[0]^ 
^[6] ^ _^[3]^[2]^^[0] _^^[2]^,[31^^[0] _^[3]^,[2]^^[0]^ 
^[5] ^ _^[2]^[2]^^[0] ^^[2]^,[21^^[0] _ hT^4]^^[0]^ 

and rlf e n^iU^j) is defined by T^f = rlfrlf . □ 

The characteristic classes 1^4 and vg are non-trivial. This can be seen by 
constructing untwisted JC-classes on products of some spheres, such as x S^. 
The homomorphism fii and the cohomology class h(P) classifying P induce 
non-trivial characteristic classes taking values in H^{M,M.) and H^{M,M.), re- 
spectively. According to Lemma these non-trivial characteristic classes are 
essentially unique ones with values in HP{M,M.), {p = 1,3,5,9). From the 
lemma, there exists a non-trivial characteristic class with values in H^{M,M.). 
The proof of the lemma suggests that the characteristic class would be repre- 
sented by a Cech-de Rham 8-cocycle whose 8-form part is 

ltT[ig-'dg.y]tT[g-'dg.] - l-tr[igr'dg,nT[{gr'dg,f]\ . 
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6 Comparison with AHSS 

6.1 The factorization of 7x3 and fxf 

As is shown in Lemma 13.51 the homomorphism /ii agrees with one appearing 
in the Atiyah-Hirzebruch spectral sequence. Consequently, the domain of fi^ is 
identified with Kcr/ii = F^Kp{M). This subgroup fits into the exact sequence: 

^ F^K],{M) F^K\,{M) El^ 0. 
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We can easily see c Ep'' c H^{M,Z)/{h{P) U H°{M,Z). Thus, we have 
natural homomorphisms 



Ker/^i -> E: 



3 H^{M,Z) H^{M,Z) 



h{P) U i/0(M, Z) Tor + /i(P) U i7"(A/, Z) ^ 



where the third homomorphism is induced from the quotient by the torsion 
subgroup Tor in H^{M, Z). Tentatively, we denote by tts the composition of the 
above homomorphisms. 

Proposition 6.1. For any principal PU{H)-hundle over a manifold M, we 
have /i3 = TTa- 

An immediate corollary to this proposition is F^K^ji^M) C Ker/i3. 

Proof. It is enough to prove that /xf in Lemma 14.71 agrees with the homomor- 
phism TTg given by the composition of tts and the homomorphism 

H^{M, Z) /{h{P) U Z)) ^ H^{M, ^)/{h{P) U H°{M, Z)) 

induced from the inclusion Z M. Let us introduce a structure of a CW com- 
plex to M . We write M^j, for the union of cells of dimension less than d. Suppose 
a section g of P x^d Ui{H) is such that [g] € Ker^i = F^Kp{M). Therefore 
ff|M<3 = 1- On the one hand, by the construction of the Atiyah-Hirzebruch 
spectral sequence, 7r3([(;]) is represented by a homomorphism C-i{M) — >■ M, 
where C^{M) stands for the cellular chain complex. The homomorphism repre- 
senting Trf ([5]) associates to a 3-cell 63 the real number given by the following 
isomorphisms: 

[gU e A').|^3 (63, des) - if 1(63, des) - K\D^,dD^) - if°(pt) = Z C M, 

where the first isomorphism is the canonical one induced from a choice of a 
trivialization of P|e3, the second isomorphism is induced from the identification 
of with the 3-dimensional disk D^, and the third isomorphism is the Thom 
isomorphism for the vector bundle M.^ pt. On the other hand, /^3([5]) is also 
represented by a homomorphism C'i{M) — R in terms of the cellular coho- 
mology. An application of the Atiyah-Hirzebruch spectral sequence for Cech-de 
Rham cohomology shows that the homomorphism C3(Af) — >■ R associates to 63 
the real number given by the following isomorphisms: 

[/3|e3] e i?3(e3, dez) ^ H^{D\ dD^) = R, 

where H* {X, Y) means the relative version of the Cech-de Rham cohomology, 
and (3 is the Cech-de Rham cocycle constructed as in Lemma 14.61 The first 
isomorphism above is induced from 63 = D^, and the second isomorphism is 
the integration over D^. Notice that we can represent a Cech-de Rham cocycle 
in H^{D^,dD^) by a closed 3-form on vanishing on dD^. Recalling the 
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proof of Proposition 14.91 we represent a generator of K^{D^,dS^) by a map 
go '■ Ui{H) such that ^dIsd^ ~ 1 and 

Since [gleg] = for some n G Z, we have 7r3([g]) = /^3([.9])- ^ 

Corollary 6.2. For any principal PU {H)-hundle P over a compact oriented 
3-manifold M , /i3 is an isomorphism. 

Thus, in particular, /ii and /^s realize the additive isomorphism Kp{M) = 
H^{M,Z) (B'E/h from the Atiyah-Hirzebruch spectral sequence. Note that the 
corollary above can also be derived from Proposition 14.91 

In Subsection 14. 3[ ^3 is computed on SU{3). We combine the result with 
Proposition 16.11 to reprove the result known for example in [5l 1101 116] : 

Corollary 6.3. // P — > SU{3) is a principal PU{H)-hundle such that h = 
h{P) e H^{SU{3),Z) = Z IS odd, then we have: 

K}:.{SU{3))^Z/h, KUSU{3))^Z/h. 

Proof. From the Atiyah-Hirzebruch spectral sequence, we get 

Kj,{SU{3)) = Ker[d5 : Ef" E^-'] C Ef°. 

Hence Proposition 16 . 1 1 implies that 113 is injective. On the other hand. Proposi- 
tion |4?10] implies that fis is surjective. This concludes Kp{SU{3)) = Z//i. This 
happens if and only if ^5 =0. Now, the spectral sequence gives 

K'^p{SU{3)) ^ Coker[d5 : Ef° E^^'^], 

so that K°p{SU{3)) ^ E^^-'^ = H^{SU{3),Z)/h U H^{SU{3), Z) = Z/h. □ 

In the case that h = h{P) E H^{SU{3),Z) = Z is even and non-trivial, it 
is known [16) that Kp{SU{3)) = (2Z)//i. But, the argument in the corollary 
above only proves that Kp{SU{3)) is {2Z)/h or Z/h. 

From the Atiyah-Hirzebruch spectral sequence, we also have: 
^ F'^Kj,{M) F^K\,{M) E^° 0. 
Lemma 6.4. E^° C £^5'° C H^{M,Z)/{h{P) U H^{M,Z)). 

Proof. If h{P) G H^{M,Z) is not a torsion element, then = so that 

^5 : £"5'° — > £'5'"'' is automatically trivial. If h{P) is a torsion element, then we 
can realize an element in K^{M) by a twisted vector bundle of finite rank [3], so 
that we have the non-trivial homomorphism K^{M) — >■ H^{AI, Z) of taking the 
rank. This homomorphism is identified with the surjection F'^Kp{M) — > E^, 
so that 4 : E°-° E^'~^ is also trivial. Hence E^^ D Ej'° D • • • D E^^. □ 
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As a result, we can consider the composition nf of 

' °° h{p)\jm{M,z) h{p)\jm{M,\ 



where the third homomorphism is induced from the inclusion Z — > R. 

Proposition 6.5. For any principal PU {H)-bundle over a manifold M, the 
restriction of to F'^Kp{M) C Ker/i3 agrees with 2TTf. 

Proof. The proof is essentially the same as that of Proposition 16.11 The factor 
2 comes from the fact about the Chern character: 

for g: ~> Ui{H) representing 1 e K\S^) ^ -K^iUiiH)) = Z. □ 



6.2 Possible construction of Chern character 

As in the case of untwisted if-theory, there exits the notion of the Chern charac- 
ter for odd twisted JsT-theory. So far, various formulations of the Chern charac- 
ters are known (for example [H [3 HH [H] ) ■ An algebro-topological method con- 
structs the Chern character through the Atiyah-Hirzebruch spectral sequence. 
Hence the result about the factorizations of and /2f suggests the possibility 
to formulate the Chern character by developing our construction with Cech-de 
Rham cocycles. The aim here is to justify this idea by constructing a part of a 
twisted Cech-de Rham cocycle from a representative of K],{M). 

Definition 6.6. Let P be a principal P?7(i?)-bundle over a manifold M . We 
choose {Ui\, Si and yy-^J, as in Subsection 13.11 to define hijki — {ST]^°^)ijki. We 
also choose 77!^' € Q^(Uij) and 77,!^' e fl^{Ui) so that 

is a Deligne 3-cocycle. For g G r{M,P Xjij_ Ui{H)), we define Cech-de Rham 
cochains a, (3 and 7 as follows: 

a - (0,dafl) e C^i{U,},n), 

In the above, a^^\ /S^ l and j^'^ are as in Subsection 13.51 Definition 14.21 and 15.21 
The differential forms 6*1^1,, 6'li, 6*1^' and 6*^ are defined by: 
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where we substitute i = 0, j = 1, . . . to suppress notations. 

We write f] = (0, 0, 0, dyyf ') G Z^{{Ui\,9) to denote the Cech-de Rham 
3-cocycle corresponding to the 3-forni rj. 

Proposition 6.7. The cochains in Definition \6.6\ satisfy: 

Da = 0, D/3^rjAa, D'y = 2fjhi3. 

Proof. The formulae directly follow from results in Subsection 17.21 □ 

The twisted Cech-de Rham cohomology is the cohomology of (C* ({CA}, D — 
f}/\). By the proposition above, we see that the cochains a, /? and 7/2 constitute 
a part of a twisted Cech-de Rham cocycle. 

Notice that the twisted Cech-de Rham cohomology is naturally isomorphic 
to the twisted de Rham cohomology H*{M), the cohomology of the complex 
{n*{M),d— rj). In ffj the Chern character is formulated as a homomorphism 

ch,^ : K\,{M) H°'^'\M). 

Thus, if we represent ch^j by odd forms chi -I- cha + chs + ■ • • , then we have 

dchi = 0, dchs = 77 A chi, dchs = 77 A chs. 

Namely, the relation among a, /3 and 7/2 are the same as that among chi, chs 
and chs. At present, no explicit relation between these cochains and differential 
forms is known. A reason is that the model of the twisted if -group Kp{M) in 
this paper is different from that used in the formulation of the Chern character 
in [7]. However, it is plausible to expect that they are essentially the same. 

Remark 2. The Cech-de Rham 3-cochain /? and the Deligne 4-cocycle /? admit a 
simple relation: From (3 = {0,0, (3^^^), we naturally get a Deligne 4-cocycle 
(0,0,0,/3Pl,^[3])^ which we write (3 again. (We can interpret this assignment as 
the injection in the first short exact sequence in Proposition [2lT|). Now, we have 
the equality of the Deligne 4-cocycles /3 = $ + fjU a. In contrast, 7 and 7 seem 
to admit no such a simple relation. 

7 Formulae for cocycle condition 

This section contains some formulae related to the cocycle conditions of (3 and 
7 in Section |4] and [5l The formulae for additivity are also contained. 

7.1 Basic formulae 

Lemma 7.1. Let M be a manifold. The following holds true: 
. We have dC^if) = 0, C:i{f~^) = -C3(/) and: 

{5C^){f,g)^MB2{f,g). 
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• B2 is a group cocycle: If f, g or h takes values in Ui{H), then we have 

{6B2){f,g,h) = 0. 

• For u : M ^ U{\). we have 

B2{uf,g) = B2{f,g) + {u-^du) Mr[g-^dgl 
B2{f,ug) = B2{f,g) - {u-'du) Atv[f-'df]. 

We here remark conventions used in the lemma above: As usual, a group 
p-cochain of C°°{M,U{H)) with values in fi^(M) means a map 

p 

K : C°°(M, U{H)) X • • • X C°°(M, U{H)) — > f^«(M). 
Its coboundary is the group {p + l)-cochain 6K given by 

i5K){fu...,U+i) = K{f2,...,U+i) 

p 

i=l 

+ (-inV(/i, •••,/,>)• 

Then, in the second formula of the lemma, we interpret {SB2){f,g, h) as 

((5^2) (/,<?, h) = B2{g, h) - B2{fg, h) + B2{f,gh) - B2{Lg) 
= trig-'^dgdhh-^ - {fg)-^d{fg)dhh-^ + f-^dfd{gh){gh)-^ - f'^d/dgg'^]. 

Notice that if, for example, neither g nor h takes values in Ui{H), then neither 
dg nor dh takes values in trace class operators. Therefore each B2{g,h) and 
B2{fg,h) does not make sense, because the differential forms 

g-^dgdhh-\ {fg)-^d{fg)dhh-^ 

do not generally take values in the trace class operators. However, the difference 
of these differential forms takes values in the trace class opcirators. This is the 
key to the interpretation of 5B2. The same type of interpretations, such as 

B2{fugi) + S2(/2, 52) + • • • = tr[/f ^d/i A dgig^^ + f2^df2 A ^5252"' +•••]. 
are adapted throughout this paper. 

Proof. For the first formula, we put F = f~^df and F = dff~^ for / : M — )• 
Ui{H). These l-forms satisfy the Maurer-Cartan equations: dF + F^ = and 
dF — F^ =0. We also put G = g^^dg and G = dgg^^. Then we have 

{f9)-'d{fg) = g-'f-\dfg + fdg) = Fa + G, 
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where = g Fg. Now, we have 

Caifg) = tr[(FS + Gf] = tv[F^] + tr[G=^] + StrfF^G + FG% 
dtr[FG\ = tr[dFG - FdG] = tr[-F'^G - FG'^] = -tv[F'^G + FG% 

Thus, Csifg) = Caif) + Csig) - 3dtT[FG], the first formula. 

For the second formula, we recall our definition of {5B2){f,g,h): 

{5B2){f, g, h) = B2{g, h) - B^ifg, h) + B2{f, gh) - B^if, g) 
= tv[g-'dgdhh-' - {fg)-^d{fg)dhh-^ + f-^dfd{gh){gh)-' - f-^dfdgg-^]. 

We can express the differential form in the trace above as 

GH - {F3 + G)H + F{G + H^'') - FG = {FgH)g-^ - g-\FgH). 

If / or ft, take values in Ui{H), then FgH is of trace class, so that 

tr[{FgH)g-' - g-\FgH)] = ir[g-\FgH) - g-\FgH)\ = 0. 

If g takes values in Ui{H), then g~^ = 1 + t with t a map with its values in 
trace class operators, so that: 

tT[iFgH)g-'-g-\FgH)] = tr[{FgH)t-t{FgH)] = iY[t{FgH) -t{FgH)] = 0. 

Hence {SB2){f,g,h) = is shown. The other formulae are straightforward. □ 

Lemma 7.2. For g : M ^ Ui{H) and (j) : M ^ U{H), we have 

C^{r^g4>) - CM = M{B2{r^g4>,4>-^) - B2{r\9)}- 

Proof. As before, we put $ = 4>~^d(j), $ = d4>(l)~^ , G = g~^dg and G = dgg~^. 
We also put ip = (t)~'^ gcj) and ^' = = ip-^^tp. Then we have 

C3(r - Cs{g) = tr[($ - + G-^f] - trfG^] 

= tr[($ - <i>'f + 3G"^($ - $')^ + 3(G2)'^($ - $')] 
= tr[($ - + 3tr[G(i - ^^f] + 3tr[G^($ - )], 

noting that $ — is of trace class. By a careful computation, we obtain: 

tr[($ - ^'f] = 3tr[($')^* - ^^*'] = 3tr[($s)2$ _ ^2^5] 

On the other hand, we have the expression: 

B2icb-'gcb, 0-1) - B2(<p-\g) = tr[($9 - G - $)$ + $G]. 
Now, we have d<l>^ = and 

rf((i>9 - G)l> + l>G) = (($9)2$ _ $9|>2) + (£-2$ - ^gG^g-^) 
+ {^^gGg-^ - Gl>f !■ - $9Gl> + Gl-^). 
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Taking the trace, we get 

tr[G^^ - ^gG^g-^] = tr[G2(l> - l-^)], 
tr[l'2gG.g-i - Gl-^i - ^scl + Gl>^] = tr[G(l>9 - i)^]. 

Thus, the lemma is proved. □ 



Lemma 7.3. The following holds true: 

• We have dC^{f) = 0, C^{f-^) = -C^{f) and: 

{SC5){f,g)^5dB,{f,g) 

• = B is a group cocycle up to an exact form: 

{SB4){f,g,h)=dA{f,g,h). 

• A = As is a group cocycle: 

{SA){f,g,h,k)=0. 

• For u : M ^ U{1), we have 

B4uf,g) - B4f,g) + (u-'du) A {^3(3) - dB2if,g)}, 
Bi(f,ug) = Bi(f,g) ~ {u-^u) A {C^U) - dB2{f,g)}. 

• If u : M ^ then we have 

A{uf, 5, h) = A{f, .9, h) + 2{u~^du) ■ B2 (.9, h), 

Aif, ug, h) = A(f, .9, h) - 2{u''du) ■ B^ifg, h) + 2{u-'du) ■ B^ig, h), 
= A{f,g,h) - 2{u-'du) ■ B2{f,gh) + 2{u-'du) ■ B^if.g), 
Aif,g,uh) = A{f,g,h) + 2{u-'du) ■ B^if.g). 

Proof. Under the notations F — f^^df, F — dff~^, etc. in the proof of Lemma 
17.11 and [7^ we express C5{f), B4{f,g) and A{f,g,h) in Definition 15. II as 

G5(/)=tr[^^5]^ 

B^{f,g) - ti-[FG' + i(FG)2 + F^G], 
A{f,g,h)^ti-[Fa{GH~HG)]. 
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We can then eompute C-^lfg) = tr[(i^f + G)^] to have 

^ 5tT[FG^ + {F^G^ + FGF&) + {F^& + F'^GFG) + F^G] 

= 5tr [i^dGG^ - dFG^ + FGFdG - dFFG^ - dFGFG - dFF'^G] 

= Mir[-F& - ]^FGFG - F^G], 

showing 5Cz — —hdBi. Next, we obtain by computations: 

{SB4){f,g, h) = tr[FGHs'' G + FG{Hs''f + F{H9''fG] 
- iT:[{FafGH + G{FSfH + GF^GH], 
= tr[-FdgHdg-^ + FdgH^g-^ - FgH^dg^'^] 
+ tr[-g~^F'^dgH + dg^^F'^gH + dg-^FdgH]. 

Now, we use the Maurer-Cartan equations to see 

d{FgHdg-^) = -F^gHdg'^ - FdgHdg-'^ - FgH'^dg-\ 
d{FdgHg-^) = -F^dgHg^^ + FdgH^g-^ - FdgHdg^\ 

Therefore we conclude 

(<5B4)(/,5, h) = dtv[FgHdg-' + FdgHg-% 

showing SB4 — dA. The remaining formulae are easier to prove. □ 

Lemma 7.4. For g : M Ui{H) and (j) : M ^ U{H), we have 

C,{r^g(t>) - C,{g) = 5d{i?4(r '30, - Bi{<l,-\g)}. 
This lemma can be shown in the same way of calculations as in Lemma 17.21 

7.2 The coboundary of /3 and 7 

We here prove Lemma l473l (a): 

Lemma 7.5. j3 in Definition \4-.S\ is a cocycle: 

{sp^%,, + dpl^, = o, 

(<5/3W).,fe/-<L=0, 

(5/3'°l)ijfe/„i + bijklm — 0, 
{Sb)ijklrnn — 0. 
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Proof. We have (5l3^^^)ij — d/Sjj' directly from Lemma 17.21 We put /Sj^' = 

-Stt^/?!^' = B(gj,4>ji)-B{4>ji,g^). Recall that (j)ij(j)jk = fi]k4>tk with f^^k taking 
values in U{\). We use Lemma [7. II to have 

6CP^%,u = '^{f^ldh.k) A Mgi^dg,] + tr[5-^dfffc]} 

- &B{gk,4>kj,4)ji) + 6B{(l)kj,gj,4'ji) - 5B{(j)kj,4>ji,gi)- 

Because tr[g~^dgi] = tT[g^^dgk] on Uijk, we conclude ((5/3[^l)ijfc = The 
remaining cocycle conditions are much easier to check. □ 

Next, we prove Lemma 15.31 

Lemma 7.6. 7 in Definition \5.'^ satisfies D7 = 2/i U /3, namely, 



^^[sl - d7[4l ^ 


0, 




0, 


_ d7[2l = 


-2/1 U ^[3' 




-2/iU/3[2l 




-2/iU/3[il 


57M + c = 


-2/iU/3["l 


5c = 


-2/iU 6. 



Proof. The direct computations basically proves this lemma, so we only in- 
dicates the points of computations: (57 = d^y^'^^ follows from Lemma 17.41 
and 571^1 = d'y^^^ from computations by using Lemma 17.31 To show 5^^^'^ = 
—2h U /Jl'^l + ^7'"'', it may be better to introduce some notations for simplicity: 
We wiU write C = C3, S = and 77 = Ty™. We put ^^^^^ = -'^^t^^V^IoL 

[3l 

where = 0, zi = 1, . . . to suppress notations. We then express 7012 as follows: 

4?23 = -2{27rV^)r,^^I^C{g2) - 3(2^V^)Poi2 - (27ry^)goi2 + i?oi2, 
where P012, Q012 and i?oi2 are 

P012 = rf?7oi2^o2 = dmi2{B{g2,(j)2o) ~ B{(j)2o,go)}, 

Q012 B{(l)2i4>io,go) + B{g2, (t)2i4>io), 

R012 = A{92,4>2i,4>w) - A{4)2i,gi,(t>w) +^(021, 010, go)- 
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Now, we can prove 

(<5P)012 = dm23{-^^o} + ('5/3['l)013} + drjoi2{~^M + {5^^%23}, 
((5(9)0123 = drii23{B{(j)32(t>21,gi) + -8(33, 03202l)} 

+ rf?yi23{-^(03202101O,5o) - 5(.93,0320210io)} 
+ rf?7O12{5(03202101O,ffo) + -B(ff3, 0320210io)} 
+ dT]oi2{~B{(l>2i(j)io, go) - 5(52,</>21'/>10)}, 

(<5i?)oi23 = 2(27ri)d77oi2{-/323 + ■B(03202i0io, 5o) - S((/)2i'/'io, .9o)} 

</>3202101o) + B{g3, (/)32(/)2l)} 
+ (<5^)(53,032,</>21,01o) - {SA){(j)32,g2,4'21,4>10) 
+ ('5^)(</'32,'/'21,ffl,01o) - ('5^)(</'32,'/'21,01O,5o)- 

In particular, we have 

5(-(27rV^)Q + i?)oi23 - (27rV^)d?7oi2{-3;3^3'} + i2TrV^)dj^Qi2{-0oh, 
which eventually leads to the formula showing d^^^^ = —2hU + ^7^: 

(^7'^')oi23 = i27rV^){-hoi23C{g3)} 

+ (27rV^){-6d(?7oi2/3^1) + S{dr,oi2{SP^^%23 - d%23('5;3['l)oi3)}. 

In order to prove 6-/^^^ = -2h U /Jl^l + ^7111 and S-/^^^ = -2/i U P^^^ - d-y^°\ the 
following formulae are helpful: Let fcoi23 and i'01234 be 

^0123 = V012dri023 — '?123(^'?013, ^01234 = /ll234'?014 + /l0123'7034- 

Then it holds that: 

(^fc)01234 = 'n012dr]234 " ?y234'^%12 

- 'f/234^(d?7)oi24 + ?7l23'5(d?7)oi34 - ?7oi2'5(rf?7)o234 
+ (^'7)l234rf'7014 + ('577)oi23C^'7034, 

(<5^)oi2345 = 'l2345'7012 " ^0123'7345 

- (^/l)l2345%15 + (^/l)oi234»7045 

+ /l2345(^»7)oi25 + /ll234('5?7)oi45 + 'i0123(^?7)o345 ■ 

Notice that we have j^^^ = —Q{h) U a'"' and c = —Q{h) U a, where 

Q(^)oi2345 — ^2345^0125 + ^1234^10145 + ^0123^10345 

as in Definition 15.41 By using SQ{h) = —2h U h, we can readily verify the 
remaining formulae 6^^^"^ = —2h U — c and Sc — —2h U 6. □ 
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7.3 Additivity 

We here verify how the assignments of the cochains /3 and 7 to a section g e 
T{M,P XAd Ui{H)) behave with respect to the multiphcation in the group 
r(M, P XAd Ui{H)). For this aim, we choose and fix a good cover {Ui} of M, 
local trivializations Si of P, lifts (pij of transition functions 0^^, and lifts rjf^i^ of 
fijk- Suppose that g and g' are sections of P x^d Ui{H). Accordingly, we have 
the local expressions {17^} and {g'^} of g and g', respectively. We then choose 
lifts af^ and a'f of det[gi] and det[(ji^], respectively. From these data, we get 
the Deligne cocycles $ and /?' as in Definition 14.21 Now, the product g" = g'g 
is also a section, whose local expression {gf } is given by g'l = g[gi. We choose 

a lift a"f of det[(7"] to be a"|"' — a'f + , and let j3" be the corresponding 
Deligne cocycle. 

Lemma 7.7. We have 

/?" - /?' - /3 - (0, 0, 0, {5cT^%, , daf ) - D(0, 0, 0, af ), 
where uf^ G 57^(C/i) is defined by 

Proof. It suffices to prove the formulae: 

The first formula immediately follows from the cocycle condition for C3. For 
the second formula, we get the following formula by computations: 

8^^{/3"g-/3l?-/3gl-(<5ag')} 

= dB2{<pji,gigi) - 5B2{g'j,<i)ji,gi) + 6B2{g'j,gj,<pji). 

Now 5B2 = completes the proof. □ 

We let 7,7' and 7" be the Deligne cochain defined as in Definitions 15.21 
corresponding to the choices af^ , a'f^ and a"f^ , respectively. 

Lemma 7.8. We have 

7" - 7' - 7 = (0, 0, 0, 2/i U ^[21 , 0, 0, 0) + i?(0, 0, 0, e'^l , ^''U'^' ) , 
where el"' € f^^f^.o), d'l, € ^^^([/.^.J a7^rf ^11,, € ri^Cf/.o.,.,) are defined by 

^01 = 7F^{^('/'io,ffo,5o) - A{g[,(l)iQ,gQ) + A{g[,gi,(t>io)}, 
In the above, iq = 0, ii = 1, . . . to suppress notations. 
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Proof. The claim in the lemma is equivalent to the following formulae: 





_y[5i 










_yw 














= <5^[31 










= <5^P1 


+ 2hU crl^l 




_yw 




= 0, 






_y[oi 




-0, 






c"- 


c'-c 


= 0. 





We get the first formula from Lemma 17.41 Next, we have by computations: 

— 2 

= ;j^{^^4(0io,3o,3o) - SB4{g[,(f>io,gQ) + 6B4{g[, gi,(j)iQ)}. 

This leads to the second formula, since 6B4 — dA as in Lemma [7.31 We then 
use 5 A = to get the identity: 

= M((/)2i,0io,5o:ffo) - '5A((/)2i,gi,0io,5o) + '^^('/'2i,5i:ffi>io) 
+ ^M92^4'2iAw,9o)} - SA{g'2,<p2i,gi,(pw) + ^(52, ff2, 021, 0io)- 

Expanding the identity above, we obtain 
7 012-7 012 - 7oi2 " ('J? )012 

- -^?/012«cr2 -«'7oi2i'^2 " ^^0 l + "'7oi2i-^0 ^^2 I' 

which leads to the third formula. The fourth formula is verified easily by using 
Lemma 17.71 The remaining formulae are clear by construction. □ 

8 Formulae for well-definedness 

This section contains formulae for the proof of the well-definedness of ^3, fif, 
and vg. In particular, we give formulae describing how the Deligne cochains 
in Definition 14.21 and Definition 15.21 change according to the choices made. 

8.1 The change of af 

Among the choices in Definition l4.2[ we here consider to change the choice of af^ . 
Let a'^"' be another choice such that exp 2TT\/—la'f^ — det[gi]. The difference 
Si = a'f^ — af^ defines a cochain (s^) G C°({C/i}, Z(l)g'), which satisfies 

a' - a = (a,y-,a'f' ) - {aij,af^) = {{ds)ij,Si) = 15(5^,0). 
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Lemma 8.1. Let f3' be the A-cocycle defined as in Definition \4-^ under the 
choice of a''^' above with the other choices unchanged. Then we have 

= {S{h U s), -h U s, 0, 0, 0) = D{h U s, 0, 0, 0). 
Let 7' be the 6-cochain defined as in Definition \5.Si similarly. Then we have 

7' - 7 - 2(/i U s, 0, 0, 0, 0, 0, 0) = D{t, 0, 0, 0, 0, 0), 
where ti^...^^ e Z is given by ti^....,^ = -c-^....^ + Cig...i^ = (Qih) U s)ig...^^ . 
Proof. The formula for 13' — /3 is easy. This formula and the expression 

- C«o-.e ^ U S U = -^(7''°' - 

lead to the formula for 7 — 7. □ 

Now, we suppose [g] e Ker/xa and there is a : M — M such that ai = a\u-. 
Also, we choose m and A satisfying /3 = m LI h + DX to define the Cech-de 
Rham 5-cocycle w as in Definition 15 ■4( where /3 is defined as in Lemma l4!6l Let 
a' : Af — )■ R be another choice such that ai = ajjy. , and /?' the corresponding 
Cech-de Rham 3-cocycle. If we put A' = A and m' ^ m ^ s, then we have 
(3' = m' U h + DX', where the 0-cocycle (s) e Z°{{Ui},Z) is defined by the 
difference s — a' — a. Let to' be the cocycle defined as in Definition [5]4] by using 
[3',a',m' and A'. Then Lemma I5TT] shows: uj' = lu. 

8.2 The change of rjf'' 

Let rj'fjf. be another choice of r/j^J. in Definition 14.21 This choice defines (h'^ji^i) € 
Z^{{Ui},Z) by h'^j^i = 5{ri'^°^)ijki- If we put r^fc = 77'^°'^ - Tyj"), to express the 
difference of the choices, then p = (rijfe,0) G C^dt/i}, Z(I)g') satisfies 

Let a = (a,aM) e ^^({[/J, Z(I)^) be as in Subsection [331 We regard pUa 
as a cochain belonging to C^{{Ui}, Z^(4)). 

Lemma 8.2. Let /3' be the A-cocycle defined as in Definition \4-^ under the 
choices ofrj'^^jj^ and h'^^j^i above with the other choices unchanged. Then we have 

$' - $ = -D{pUa). 
Proof. The formula in question is equivalent to: 

/?'- /3 = (fo' - 6, - 0, 0) 

= {S{-r U a),5{~r U a^°^ ) + rUa, d{-^r U a[°l), 0, 0) 
= D(-rUa,-rUa["l,0,0), 
which can be readily verified. □ 
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We set h' = {h') G Z^{{Ut},Z{0)'g), and regard the cup products h'UpUa 
and /5U /3 as cochains belonging to C^({C/i}, Z(6)g') in the fonowing lemma. 

Lemma 8.3. Let 7' be the 6-cochain defined as in Definition \5.S\ in the same 
way as Then we have 

7'-7 + 2(pU/3 + /i'UpUci)= D{k, , kI^I , 0, 0, 0), 

where {k, k^°\ k^^\ 0,0,0) e C5({[/,}, Z(6)g') is given by 

_^ ^ 

^0123 - ^012Po23 ^ '^123Poi3' 

[0] [0] ./ 10] u' [0] 

'^01234 = ^012f'234a4 " 'Il234''014a4 ~ "oi23''034a4 

+ ''234/3o°i24 - '"123^0°134 + ^012^o°234' 
fcoi2345 = ^(^1234''014 + 'ioi23''034 — f'012»'234)a45 " /l0123''345a35 
— ^'345^01235 + ''234^01245 — ^'123^01345 + '^012^02345- 

In the above, we put io = 0,ii — 1, . . . to suppress notations. 
Proof. The claim is equivalent to 7'''°^' = 7'''*' — 7'^! and 

y[3l_^[3]_,.2^U/3[3l =0, 
y[2l_^[2]+2rU/3[2l =-d«;W, 

_ ^[0] + 2(r U +h'UrU a^) = Sk^"^ - k, 
c' - c + 2{r(Jb + h' (JrUa) = 5k. 

The formulae 7''^' = -f^^\- ■ ■ , 7''^' - 7121 + 2rU/3Pl = -dn^^'^ are rather easy. To 
prove 7''^' — 71^1 + 2r U /Jl-'^l — Sk^^^ — , we adapt the formula of (<5A:)oi234 in 
the proof of Lemma [7.61 to the present case. For 7''°1 - 7M + 2(r U Z?™ + h' U 
r U a'*'!) — = — /c, we also adapt the formula of {Si)oi23i5 in the proof of 
Lemma 17.61 and the following formula: If we put 



moi234 — ^234/5o°i24 " ^123/5om + '^012^0234' 



then we have 



((5m)oi2345 — ^"012/32345 ~ '"345/3oi23 
+ (<5r)2345 /3o"l25 + ('50l234/?|,?45 + ('5r)oi23/3^345 
+ r345(5/3'°')01235 - 7-234 ('5/?[°l)oi245 + ^123 ((J/^^"! )oi345 " ^012 (-^/J™ ) 



02345- 



To prove the remaining formula, we use three formulae: The first formula is 
that of ((5^) 012345 in the proof of Lemma [7.61 adapted to the present case. The 
second formula is the coboundary of the 2-cochain poi2 = ''012102: 

(M0123 = -?'l23aoi + ''0120123 + (<^'')oi23a03 + ''123 (<5a)oi3 - ''012(<5a)o23- 
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The third formula is that the coboundary of the 5-cochain 

9012345 — ^'345^01235 ~ ^'234^01245 + ?'123^01345 " ''012&02345 

is given by 

(^'?)oi23456 — ''456^01234 — ''012&23456 

" ('5f)3456&01236 " ((^f )2345feoi256 " ((^f) 1234^01456 " ('^^)oi23^03456 
+ f 456 ((^6)012346 " ?'345 (i5&)oi2356 + ^234 ((56)oi2456 
- ri23((56)oi3456 + f012(<^&)023456- 

We can then compute ((5A;)oi23456 to verify the formula. □ 

Suppose [g] G Ker/xa, so that we can choose a such that a\u. — ai as 
well as TO and A satisfying (3 — m U h + DX to define u> as in Definition I5.4[ 
where (3 is defined as in Lemma 14.61 Let jy'J'jjj, be as in this subsection, and 
l3' the corresponding Ccch-de Rham 3-cocycle. If we define m' = m and A' = 
(a[°1, -roi2a-TOroi2, Al^l, Al^l), then we have = ra'\Jh' + D\'. Let lo' be the 
Cech-de Rham 5-cocycle defined by using /?', a, m' and A'. Then we have 

= £)(k[°1 -2rUA[''l + TO(r U r - T - 5), - 2r U A^ , -2r U A^^l , 0, 0). 
In the above, (S'ioiiiaisu) ^ C^{{Ui},1') and (Tigi^i^i^iJ e C'^{{Ui\,1) are 

'S'oi234 = /'''i234''014 + /ioi23''034, 

2oi234 = ^'234/10124 — ^'123^0134 + f012/i0234, 

where zq = 0,ii = 1, . . . to suppress notations. The formula of the difference 
uj' — LO above can be shown by using lemmas in this subsection and 

(3(/j')oi2345 - Q(^)oi2345 = 5{T + S" - r U r)oi2345 " 2roi2/l2345 + 2/loi23''345 ■ 

8.3 The change of (pij 

If : Ui — > U{H) is another choice of a lift of the transition function (j>ij, 
then there is pf^ : Uij — > M such that — 0'^ exp 2TTipf^ . In this case, we 
can choose rff^^ to be rj'f^^ = ryj°[, + (<5p[°l)yfe, so that /i-^^, = h^ki- Hence the 
cochain (0,p[°') G C^{{U,},Z{1)'^) satisfies 

Lemma 8.4. Let (3' be the A-cocycle defined as in Definition \4-^ under the 
choices of (p'^^ and jy'l^ji above with the other choices unchanged. Then we have 

(0, 0, <5(-p["ldaM)yfe, 0) = D{0, 0, -pfjdaf , 0) 
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where a = (a,aM) £ Z^{{Ui},7.{l)'^) is as in Subsection \S.5l and p U a is 
led as a cochain in C^{{Ui}, Z'^{4)). 



Proof. Clearly, b' = b, /J''"' = 13^°^ and /J''^' = fS^^l The formulae 

can be verified straightly by computations. □ 



Lemma 8.5. Let 7' be the 6-cochain defined as in Definition \5.S\ in the same 
way as /?'. Then we have 

7' - 7 + 2(0, 0,hUpU da^°^ , 0, 0, 0, 0) = -^(O, 0, C'^' , C'^' , C'^' , 0), 

where (0, 0, C™, C'^', C'^', 0) G C5({C/,}, Z(6)g') is given by 

C0123 - 2^01/^123 - Poil'^P ')i23aa3 

- 2p{,1rf4°l23 + ('^P'°')023/?|,\12 - (<5p[°l)013M2'3- 

In the above, we put = 0, ii = 1, . . . to suppress notations. 
Proof. The lemma amounts to the following formulae: 



2 ! 



7' 


'[5] _ ^[5] 


= 0, 




7 


'W _ ^[4] 






7' 


'[31 _ ^[3] 






7' 


'[2] _ ^[2] 








^1 U da[°l 








c'-c 


= 0. 





The first formula clear, and the second formula is easy to check. 

The computation verifying the third formula is lengthy: A comment about the 
computation is that, among the various terms in 7'''^' — 7[3l + SC^^\ the terms 
involving B2 explicitly give dp^i2l^j^i ~ '^Poi/^S after applications of the cocycle 
condition for B2. In the verification of the fourth formula, useful is the formula 
of the coboundary of the 2-cochain poi2 = dPo2 /^oi2 • 

(M0123 - -dp^olPiL + dpf3Pll}2 + 41(^/3''')oi 



23 

{Sdpi%^A%-{Sdp^%23l3i%. 
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This gives a similar formula for the coboundary of the 2-cochain (5jo[°l)oi2d/9Q2- 
In the verification of the fifth formula, we use the formula of the coboundary of 
the 3-cochain goi23 = Pol '^'^olW • 

(<5g)oi234 = -p^oldfifL - pfldfi^oL + p[,"i('5d/3[°l)oi234 

The formula of the coboundary of fcoi23 = ('5p'°')o23/3oi2 ~ ('^p'°')oi3/3i23 is also 
useful, which can be derived from a formula presented in the proof of Lemma 
17.61 Finally, c' = c is apparent. □ 

Suppose [g] S Ker/i3. Accordingly, we choose a such that a\u. — Ui, and m 
and A satisfying /? = mUh+DX to define oj as in Definition l5.41 where /3 is defined 
as in Lemma 14.61 Let (jj'ij as in this subsection, and the corresponding 
Cech-de Rham 3-cocycle. If we put m' = m and A' (A^, AI^I - p^da, A^^l ), 
then P' = m' U h' + DX' . Let uj' be the Cech-de Rham 5-cocycle defined by 
using /3', a, m' and A'. Then the lemmas in this subsection prove 

a;'-a; = -i?(0,CW,C[^C['l,0). 



8.4 The change of Si 

We chose another local section s'^ of P in Definition 14.21 Then there exists 
i)i : Ui ^ PU{H) such that Si = s'^ipi. The induced transition functions {(^y} 
and Wij} are related by ^-^ = 4'i4>iji)~^ . We choose a hft ipi : Ui ^ U{H) of i^j. 
From a lift 0y of 0^ , we can construct a lift 0^^- of 0^^- by setting (/)^^ = ipic/yij^J^ , 
which gives /(j-^^^ = /ijTc as well as h'^^^i = ft-ij-fe;. 

Lemma 8.6. Let fee the A-cocycle defined as in Definition \4-^ under the 
choices of (j)^^ above with the other choices unchanged. Then we have 

P'-P= (0, 0, 0, <5Tgl , drf ) = D{Q, 0, 0, rf ), 

where rf'^ £ fl'^{Ui) is given by 

rl'^ ^^{Bi^P.,g^)+Bigl,^,)}. 

OTT 

Proof. It is enough to prove the formulae: 

The first formula follows from Lemma 17.21 To prove the second formula, we 
substitute i = and j = I for simplicity. We then get 

= SBig[,^[o,iljo)-SB{(j)[o,go,^o)+SB{^[o,^o,9o) 

- 6B{g[,il;i,(t)io) + dB{ipi, gi, (f)io) - (5B(V'i, (?!)io,5o) = 0, 

by using the cocycle condition for B = B2. □ 
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Lemma 8.7. Let 7' be the 6-cochain defined as in Definition \5.S\ in the same 
way as /?'. Then we have 

7' - 7 - (0, 0, 0, 2h U rl^l , 0, 0, 0) = D{0, 0, 0, ^^'^ , ^I^l , ^W)^ 

where (0, 0, 0, ^I^]^ ^[3]^ ^[4]) ^ cmU,},1{6)'g) is given by 

4" - ^{^4(5^,^-0) - i?4(V'o,5o)}, 

^0? = ^^M(5i,'/''io>o)- A('/'io,5o.V^o) + ^(<?!>io>o,go)} 
+ ^^{-^(5i,V^i,'/'io) + ^(V'i,5i,</'io) - ^(V'i,0io,go)}, 

SOI2 — ^'/012^2 ■ 

the above, we put = 0, ii = 1, . . . to suppress notations. 
Proof. The formulae to be shown are as foUows: 

7'[^l-7[5l=.d^W, 
7'W-7W^(5eW)_^^[3]^ 

7'[3l_^[3l^(5^[3])+rf^[2]^ 

7'™ -7^=0, 
c' - c = 0. 

The first formula follows from Lemma l7.4l The second formula follows from the 
formula SB4 ~ dA in Lemma 17.31 For the third formula, we use the identity 

- M((/)2i,0io, V'OjSo)} - {(5^(52, "01,010) - '5A('/>2i,ffi) V'l-^io) 

+ '^^(021, V'l, ffl, 0io) - 6A{(j)'2i,1pl,(f>10,go)} + {SA{g!2, -02, 021, 0io) 

- M('(/'2,52,021,01o) +'5A(V'2, 021,51, 0io) - ^^(0'2,021,01O,3o)}, 



and Lemma 18.61 The remaining formulae are easy to verify. □ 

Suppose [g] G Ker/is as in Definition 15.41 Hence we choose a such that 
a\ui = ai, and also m and A satisfying /3 = m U h + DX to define w, where 
/3 is defined as in Lemma 14.61 Let g'^ and cjy'^j be as in this subsection, and 
/3' the corresponding Cech-de Rham 3-cocycle. If we put m' — m and A' = 
(AM, Alil, A[2l + t[21), then /3' = m' U /i' + DX' . Let u' be the Cech-de Rham 
5-cocycle defined by using /3', a, m' and A'. The lemmas in this subsection then 
establish 
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